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Abstract
We study the supersymmetric extensions of the O(3) σ-model in 1 + 1 and 2 + 1 dimensions. We show
that it is possible to construct non-equivalent supersymmetric versions of a given model sharing the same
bosonic sector and free from higher-derivative terms.
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1. INTRODUCTION
The bosonic nonlinear O(n) σ-model is probably one of the most studied examples of models
where the field space (target space) possesses a nonlinear structure. From a physical point of view,
one of the main motivations for the investigation of the lower-dimensional nonlinear σ-models is
that they share many similarities with the four-dimensional gauge theories [1]. Besides, these
models are simpler that their four-dimensional counterparts and therefore, they constitute a good
laboratory for testing theoretical ideas.
If one consider the supersymmetric version of these models, a rich mathematical structure
arises. For example, the relation between the amount of supersymmetry (N = 1, 2, 4...) and
the geometrical structure of the target space manifold has been established in [2, 3]. It is also
well-known that in a number of field theories, the classical solutions can be computed by solving
a first-order equation rather than the second-order equation obtained from the variation of the
Lagrangian. When this happens, the solutions satisfying the first-order equation saturate a lower-
bound for the energy (Bogomolny bound). It has been pointed out [4–6] that this phenomenon
has a close relationship with supersymmetry. In a theory with N = 1 supersymmetry, if a classical
topologically nontrivial solution satisfies a first-order equation there exist and extra (N = 2)
supersymmetry. This peculiarity allows in certain cases to determine the exact mass spectrum
[5]. Moreover, due to the fact that SUSY relates bosonic and fermionic states, one can obtain,
for example fermionic solutions in terms of bosonic ones without solving the corresponding Dirac
equation.
Another of the fundamental bridges between supersymmetry and geometry has been discovered
in [7]. In these works, the relation between fermionic and bosonic zero-modes (via the Witten
index) in the nonlinear σ-models and topological invariants of the underlying manifolds has been
established.
It is the goal of this work to study more general forms of the supersymmetric nonlinear σ-models
with special emphasis on the O(3) model. The classical approaches to the supersymmetric version
of these models can be realized in two languages, namely N = 1 or N = 2 superspace. In the
first case, all the information is encoded in terms of N = 1 real superfields (Φk) (which can be
combined eventually in complex superfields). The Lagrangian takes the following form
LN=1σ =
∫
d2θgij(Φ
k)DαΦiDαΦ
j (1.1)
where gij(Φ
k) corresponds to the metric on the target-space manifoldMT , in its bosonic restriction.
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In the N = 2 language, the Lagrangian (1.1) is even simpler
LN=2σ =
∫
d2θd2θ¯K(Φk,Φk †) (1.2)
whereK(Φk,Φk †) is the so-called Ka¨hler potential (the metric onMT can be obtained as the second
derivative of the Ka¨hler potential, gi,j¯(φ
k, φk †) = ∂2
Φi,Φj †
K(Φk,Φk †)|θ=θ¯=0 ). The superfields Φk
are chiral superfields and verify the constraint D¯α˙Φ
k = 0. It is well-known that when MT is a
Ka¨hler manifold, the action (1.1) possesses an extra supersymmetry [2, 3]. For an appropriate
choice of K one has LN=1σ = LN=2σ . Or in other words, once one has a Ka¨hler σ-model (i.e.
a σ-model with a Ka¨hler target space manifold), the classical formulations (1.1) and (1.2) lead
irreparably to extra supersymmetry.
The main aim of the current work is to analyze the existence (and properties) of non-equivalent
SUSY extensions, which we call bosonic twins [28], for a given two-dimensional target-space man-
ifold (for example O(3) ∼= S2). We will see through this work that is is possible to construct
supersymmetric versions of the nonlinear σ-models with N = 1 SUSY which do not allow for extra
supersymmetry. Further, we will show that in fact, it is possible to generate an infinite family
of well-behaved SUSY extensions (in the sense that they do not possess higher-derivative terms)
labeled by an arbitrary function. We will also show that, due to the constraints imposed by super-
symmetry, and despite of the modification of the fermionic sector, certain solutions of the Dirac
equation (fermionic zero-modes) will remain invariant (with respect to (1.1) and (1.2)).
This work is organized as follows. In Sec. 2, we review the SUSY nonlinear O(3)-model in
terms of real fields and in its CP 1 formulation. In Sec. 3, we introduce the deformation term
which allows for the generation of a new fermionic sector for general nonlinear σ-models. In Sec. 4,
we describe the nonlinear σ-model with potential in 1+ 1 dimensions and determine the fermionic
zero-modes from SUSY. In Sec. 5, we determine the full on-shell action with the deformation
term and discuss the fermionic zero-modes. In Sec. 6, we describe the pure O(3)-model in 2 + 1
dimensions (a potential is not allowed) and study fermionic zero-modes and some peculiarities of
the quartic fermionic Lagrangian in the presence of the deformation term. In Sec. 7, we describe
some properties of the bosonic twin with N = 2 SUSY. Finally, Sec. 8 is devoted to our summary.
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2. THE O(3) NONLINEAR σ-MODEL
This section is intended for a review of the SUSY O(3) nonlinear σ-model in two formulations,
the O(3) and the CP 1. In the first formulation the model can be written in terms of three real
scalar fields φa satisfying one constraint
3∑
a=1
φaφa = 1. (2.1)
In its non-SUSY version can be written simply as follows
S = −1
2
∫
d2x∂µφ
a∂µφa,
3∑
a=1
φaφa = 1. (2.2)
The N = 1 supersymmetric extension of (2.2) is well-known [4]. It only involves three real
superfields and the supersymmetric generalization of (2.1), we have
S = −1
2
∫
d2xd2θDαΦaDαΦ
a,
3∑
a=1
ΦaΦa = 1 (2.3)
where Φa = φa + θαψaα − θ2F a are three real superfelds. The supersymmetric action (2.3) can be
expanded is components as follows
S = 1
2
∫
d2x
(
−∂µφa∂µφa + iψaα∂ βα ψaβ + F aF a
)
. (2.4)
The supersymmetric invariant constraint in (2.3) yields to three constraints in the component fields
(sum is understood in the repeated indices),
φaφa = 1, (2.5)
φaψaα = 0, (2.6)
F aφa =
1
2
ψaαψaα. (2.7)
Taking into account (2.5)-(2.7) we can eliminate the auxiliary fields from the action (F k =
1
2φ
kψaαψaα). The resulting on-shell action can be written as follows
S = 1
2
∫
d2x
(
−∂µφa∂µφa + iψaα∂ βα ψaβ +
1
8
(ψaαψaα)
2
)
. (2.8)
This expression is reasonably simple, but we have to take into account the constraints (2.5) and
(2.6). We can instead, solve explicitly the constraints (2.5)-(2.7) and rewrite the action in terms
of a complex superfield. To proceed, we can use a SUSY analogous of the stereographic projection
Φa =
1
(1 + Φ†Φ)
(
Φ+ Φ†,−i(Φ − Φ†), 1− Φ†Φ
)
(2.9)
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where Φ is a complex scalar superfield. We get in components
φa =
1
(1 + φ¯φ)
(
φ+ φ¯,−i(φ− φ¯), 1− φ¯φ) (2.10)
ψ1α =
1
(1 + φ¯φ)
(
ψα + ψ¯α − φ+ φ¯
(1 + φ¯φ)
χα
)
(2.11)
ψ2α =
1
(1 + φ¯φ)
(
−i(ψα − ψ¯α) + i φ− φ¯
(1 + φ¯φ)2
χα
)
(2.12)
ψ3α =
1
(1 + φ¯φ)
(
−χα − 1− φφ¯
(1 + φ¯φ)
χα
)
(2.13)
F 1 =
F + F¯
(1 + φ¯φ)
− (φ+ φ¯)H − 1
(1 + φ¯φ)2
χα(ψα + ψ¯α) (2.14)
F 2 = −i F − F¯
(1 + φ¯φ)
+ i(φ− φ¯)H + i
(1 + φ¯φ)2
χα(ψα − ψ¯α) (2.15)
F 3 = −Fφ¯+ F¯ φ+ ψ¯
αψα
(1 + φ¯φ)
− (1− φφ¯)H + 1
(1 + φ¯φ)2
χαχα (2.16)
where
χα = ψ¯αφ+ ψαφ (2.17)
H =
1
(1 + φ¯φ)2
(
Fφ¯+ F¯ φ+ ψ¯αψα
)− 1
(1 + φ¯φ)3
χαχα. (2.18)
It is easy to verify that, in terms of the new complex fields the constraints (2.5)-(2.7) are automat-
ically satisfied. If we substitute (2.9) in (2.3), we get
S = −1
2
∫
d2xd2θ g(Φ,Φ†)DαΦ†DαΦ (2.19)
where g(Φ,Φ†) = 1/(1 + Φ†Φ)2 is the CP 1 metric. The action (2.19) constitutes the N = 1 CP 1
formulation of the model. Standard calculations lead to the following expression
S = −1
2
∫
d2x
(
g(φ, φ¯)
(
i∂αβψ¯
βψα + iψ¯
α∂αβψ
β + ∂αβ φ¯∂αβφ− 2FF¯
)
+∂2
φφ¯
g(φ, φ¯)ψ¯αψαψ¯
βψβ − i∂φ¯g(φ, φ¯)∂γαφ¯ψ¯γψα − i∂φg(φ, φ¯)∂γαφψγψ¯α
−∂φg(φ, φ¯)F¯ ψαψα − ∂φ¯g(φ, φ¯)Fψ¯αψ¯α
)
. (2.20)
We can eliminate the auxiliary field from its equation of motion
F = −∂φg(φ, φ¯)
2g(φ, φ¯)
ψαψα, F¯ = −
∂φ¯g(φ, φ¯)
2g(φ, φ¯)
ψ¯αψ¯α. (2.21)
After substituting (2.21) in (2.20) we can write the action in a geometrical way
SO(3) = −
1
2
∫
d2xg(φ, φ¯)
(
∂αβφ¯∂αβφ+ iψ
αDαβψ¯
β + iψ¯αD¯αβψ
β
)
+Rψαψαψ¯βψ¯β (2.22)
where Dαβ = ∂αβ − Γφφφ∂αβφ and R is the Riemann tensor for CP 1.
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3. A BOSONIC TWIN FOR THE O(3) σ-MODEL
Obviously, actions (2.3) and (2.19) are equivalent. They represent the same classical field
theories but expressed by means of different target-space variables. Hence, their bosonic and
fermionic sectors coincide and are related by the transformations (2.10)-(2.16).
Another question is whether it is possible to construct different, physically not equivalent super
symmetric extensions of a given bosonic model. In other words, we want to construct actions which
are: 1) invariant under the sypersymmetric transformations; 2) share the same bosonic sector; 3)
but differ as far as the fermionic part is considered.
This question has been answered affirmatively in the literature. For example in [9–11] different
supersymmetric extensions of the baby Skyrme model were proposed. However, the fermionic part
of the supersymmetric models contains potentially dangerous higher-derivative terms. A different
proposal was made in [12, 13] (in four dimensions) and in [14–16] (in three dimensions) with
N = 1 and N = 2 SUSY. In these cases, the fermionic part of the non-equivalent supersymmetric
extensions suffers from the appearance of derivative terms involving the auxiliary field. This may
promote the auxiliary field to a dynamical one. Furthermore, all these SUSY extensions reproduce
the bosonic model only on-shell, i.e., once we eliminate the auxiliary degrees of freedom from the
action.
Here the aim is to analyse the possibility of the existence of non-equivalent SUSY extensions
of a given (bosonic) model with an additional condition, that 4) no higher-derivative terms in the
fermionic sector are allowed.
It turns out that in 2 and 3 dimensions and with N = 1 SUSY there is not too much freedom.
Let us look for terms with trivial (empty) bosonic sector. Then, such terms can be added to
a SUSY action (for example (2.19)) without any deformation of the original bosonic sector. A
necessary condition for such a term is that it requires at least four odd operators (in the number of
superderivatives). Moreover, the degree of each operator (the number of superderivatives) cannot
be greater than one, otherwise we will generate higher-time derivatives - a possibility which we
excluded from the very beginning. At the end only one combination remains
Ld =
∫
d2θH(Φ,Φ†)DαΦ†DαΦD
βΦ†DβΦ (3.1)
where the functionH(Φ,Φ†) is arbitrary and depends only on the superfields but not on derivatives.
Here the target-space manifoldMT verifies dimC = 1. If dimC > 1 more combinations are allowed.
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Note that the combination DαΦDαΦD
βΦ†DβΦ
† is proportional to (3.1) since
DαΦDβΦ =
1
2
CβαD
γΦDγΦ (3.2)
As we will see, the addition of these terms to a given SUSY model does not change the bosonic
sector. In this sense we say that they generate “bosonic twins”. The expansion in components of
(3.1) leads to
Ld = (−Hφ¯F¯ −HφF ) ψ¯ψψ¯ψ
+2H
{(
i∂αβψ¯
βψα + iψ¯
α∂αβψ
β + ∂βαφ¯∂βαφ− 2FF¯
)
ψ¯ψ
+
((
−1
4
∂βαφ¯∂βαφ¯+
1
2
F¯ 2
)
ψψ + h.c.
)
+FF¯ ψ¯ψ +
(
−i∂βαφ¯Fψαψ¯β + h.c.
)
+ ∂γαφ∂γβφ¯ψ¯αψ
β
}
(3.3)
and, as expected, no higher-derivatives appear in the action and Ld|ψ=0 = 0. It is important to
note that the fact that the superfield Φ† is complex is crucial - otherwise these new terms vanish.
This result in the following observation: this construction of the twins trivialize if we consider a
single real scalar bosonic model.
Specifically, we take the O(3) model in the CP 1 formulation (2.19) and add (3.3). Then we
obtain a new model sharing the off-shell bosonic sector with the original one. Let us analyze the
on-shell action in detail. We first need to eliminate the auxiliary field F from (2.19)+(3.3). We
obtain
F = −gφ
2g
ψψ +
H
2g
i∂αβφψ¯αψβ −
Hφ¯
2g
(ψ¯ψ)2 − Hgφ¯
2g2
(ψ¯ψ)2. (3.4)
The first term in (3.4) corresponds to the original O(3) model while the others are originated by
(3.3). After substituting (3.4) in (2.19)+(3.3) we get
LdO(3) =
1
2
g(φ, φ¯)
(
−2∂µφ¯∂µφ+ iψαDαβψ¯β + iψ¯αD¯αβψβ
)
− H(φ, φ¯)
(
∂µφ¯∂
µφ¯ψψ + ∂µφ∂
µφψ¯ψ¯ − 2∂γαφ∂γβ φ¯ψαψ¯β
)
+ ... (3.5)
where the dots stand for quartic fermionic terms. The first line in (3.5) corresponds to the original
SUSY CP 1 model, while the second one is originated from the deformation (3.3).
4. ADDING A POTENTIAL
It is a well-known fact that in two dimensions one can add a prepotential term to the action
without spoiling the N = 1 SUSY. For future purposes we will restrict the potential to be holomor-
phic and antiholomorphic functions of the superfields. Then, a general SUSY non-linear σ-model
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on complex one-dimensional manifolds (fixed by a particular choice of the metric function g) reads
Sσ = −1
2
∫
d2xd2θg(Φ,Φ†)DαΦ†DαΦ, (4.1)
SP =
∫
d2xd2θ
(
W (Φ) +W (Φ†)
)
(4.2)
where W (Φ) defines the prepotential part. Expanding the potential term in components we find
SP =
∫
d2x
(
W ′(φ)F +
1
2
W ′′(φ)ψαψα + h.c.
)
. (4.3)
Let us start with the purely bosonic sector. The static energy functional can be written as
E =
∫
dx
(
gφ′φ¯′ +
W ′W¯ ′
g
)
(4.4)
where φ′ ≡ ∂xφ and W ′ ≡ ∂φW . We can use the Bogomolny trick and rewrite the energy integral
by completing the square
E =
∫
dx
(√
gφ′ − eiα W¯
′
√
g
)(√
gφ¯′ − e−iαW
′
√
g
)
+ 2Re[e−iαφ′W ′]. (4.5)
Note that α is an arbitrary quantity. We obtain the strongest lower bound for the energy for
α = arg(φ′W ′), therefore
E ≥ 2
∫
dx|φ′W¯ ′|. (4.6)
Obviously, the bound in saturated when the field obeys the Bogomolny equation (where we assume
that the prepotential allows for static solitonic solutions)
φ′ = eiα
W¯ ′
g
. (4.7)
It is easy to verify that the solutions of (4.7) obey the second order equation from (4.1).
Now we will analyze the fermionic sector. After eliminating the auxiliary field from the action
(4.1)+(4.2) we get
LσP = g
(
−∂µφ∂µφ¯− i
2
∂αβψ¯
βψα − i
2
ψ¯α∂αβψ
β
)
− W
′W¯ ′
g
+
+
1
2
W ′′ψαψα +
1
2
W¯ ′′ψ¯αψ¯α −W ′ gφ
2g
ψαψα − W¯ ′
gφ¯
2g
ψ¯αψ¯α +
+
i
2
gφψ
αψ¯β∂αβφ− i
2
gφ¯ψ¯
αψβ∂
β
α φ¯+O(ψ2ψ¯2). (4.8)
In the next step we explicitly express the spinors in chiral components (ψ+, ψ−). The static
fermionic part of the Lagrangian in these new variables takes the following form
LfσP = −i
g
2
ψ¯+ψ
′
+ + i
g
2
ψ¯+
′
ψ+ + i
g
2
ψ¯−ψ
′
− − i
g
2
ψ¯−
′
ψ−
+ iW ′
gφ
g
ψ+ψ− + iW¯
′
gφ¯
g
ψ¯+ψ¯− − iW ′′ψ+ψ− − iW¯ ′′ψ¯+ψ¯−
− i
2
gφψ−ψ¯−φ
′ +
i
2
gφψ+ψ¯+φ
′ − i
2
gφ¯ψ¯−ψ−φ¯
′ +
i
2
gφ¯ψ¯+ψ+φ¯
′ +O(ψ2ψ¯2) (4.9)
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Here, two observations are in order. First, the Lagrangian is invariant under the N = 1 supersym-
metry transformations
δφ = −ǫαψα (4.10)
δψα = −ǫβ (CαβF − i∂αβφ) (4.11)
δF = −ǫαi∂ βα ψβ (4.12)
where ǫ is a real spinor. Second, the requirement that the theory is invariant under the N = 2
supersymmetry can be achieved by promoting ǫ to a complex object. This is equivalent to say that
we have the transformations (4.10)-(4.12) with real parameter followed by a phase rotation for the
fermions. In terms of the chiral components in the Lagrangian (4.9) it means
ψ± → e±iαψ±, ψ¯± → e∓iαψ±. (4.13)
The substitution of (4.13) in (4.9) leaves the Lagrangian invariant implying that the model has
an extra supersymmetry. This can be confirmed directly by rewriting (4.8) in the N = 2 SUSY
language. Namely,
LN=2 =
∫
d2θ¯d2θK(Φ†,Φ) +
(∫
d2θW (Φ) + h.c.
)
(4.14)
whereK is the Ka¨hler potential. Now, we will consider the fermionic (zero-mode) equation obtained
from (4.9)

 g∂x + gφφ′ W¯ ′′ −
gφ¯
g
W¯ ′
W ′′ − gφ
g
W ′ g∂x + gφ¯φ¯
′



ψ+
ψ¯−

 = 0 (4.15)
On the other hand from (4.11) we find

δψ+
δψ¯−

 = − i
2

 F + e−iαφ′ F − e−iαφ′
−φ¯′ − e−iαF¯ e−iαF¯ − φ¯′



η
ξ

 . (4.16)
where
η =
1
2
(
ǫ2 + eiαǫ1
)
, ξ =
1
2
(
ǫ2 − eiαǫ1) (4.17)
It is straightforward to see that solutions of the Bogomolny equation (4.7) are preserved by super-
symmetry transformations with η = 0, ξ 6= 0. This has a consequence that the zero-mode equation
(4.15) is automatically satisfied for
ψ+ = −ie−iαφ′η, ψ¯− = iφ¯′η (4.18)
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Therefore, the fermions are parametrized by only one real constant η (see for example [17]). As
a consequences only 1/2 of supersymmetry is preserved (in N = 1). If the theory has a hidden
extended supersymmetry only 1/4 of the (N = 2) supersymmetry is preserved. The connection
between solitons ad fermionic zero-modes in SUSY theories has been extensively discussed in the
literature [6, 18].
5. THE BOSONIC TWIN AND FERMION ZERO-MODES
As we have seen before, the introduced deformation term does not modify the bosonic sector of
the original action while it nontrivially contributes to the fermionic sector even at quadratic order.
Furthermore, the auxiliary field also gets contributions at second order in the spinors
F = −W
′
g
− 2iH
g
∂αβ φ¯ψαψ¯β − 2HW¯
′
g2
ψ¯αψα + 2H
W ′
g
ψαψα −
gφ
2g
ψαψα +O(ψ2ψ¯2) (5.1)
After eliminating the auxiliary field, the full O(3) sigma model action with the potential and the
deformation term included is
LσPd = g
(
−∂µφ∂µφ¯− i
2
∂αβψ¯
βψα − i
2
ψ¯α∂αβψ
β
)
− W
′W¯ ′
g
+
+
1
2
W ′′ψαψα +
1
2
W¯ ′′ψ¯αψ¯α −W ′ gφ
g
ψαψα − W¯ ′
gφ¯
g
ψ¯αψ¯α +
+
i
2
gφψ
αψ¯β∂αβφ− i
2
gφ¯ψ¯
αψβ∂
β
α φ¯
+H
(
W ′2
g2
ψαψα +
W¯ ′2
g2
ψ¯αψ¯α − 2W
′W¯ ′2
g2
ψ¯αψα + 2i
W¯ ′
g
∂αβψαψ¯β
−2iW
′
g
∂αβψαψ¯β + 4∂
µφ¯∂µφψ¯
αψα − ∂µφ∂µφψ¯αψ¯α
−∂µφ¯∂µφ¯ψαψα + 2∂γαφ∂γβ φ¯ψαψ¯β
)
+O(ψ2ψ¯2) (5.2)
We write the Lagrangian (5.2) in terms of the chiral spinors (ψ+, ψ−) using the following replace-
ments
ψαψα → 2iψ+ψ− (5.3)
ψ¯αψ¯α → 2iψ¯+ψ¯− (5.4)
ψ¯αψα → i
(
ψ¯−ψ+ − ψ¯+ψ−
)
(5.5)
The invariance under N = 2 SUSY requires that fermion-number terms are absent from the
action. However, the deformation introduces two such terms: one proportional to ψ¯αψα and the last
term in (5.2) proportional to ∂γαφ∂γβφ¯ψαψ¯
β . This means that they do not respect the symmetry
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(4.13). As a consequence, the deformation term breaks the original N = 2 of the σ-model to N = 1
SUSY.
Although by construction our deformation prescription does not modify the bosonic sector,
which in particular means that the BPS sector remains unchanged, the linearized equation for
the fermions contains a nontrivial contribution proportional to H (the arbitrary function in the
deformation part). As we explained in the previous section the fermionic zero-modes are connected
with the BPS sector via the supersymmetric transformations. Therefore, one expects a relation
between the fermionic zero-mode equations in deformed models (different H). Indeed, we find that
in the background of a solution satisfying (4.7) the zero-mode equation including the deformation
term reduces to (4.15). Moreover, the fermion-number violating terms are effectively absent from
the action, recovering in some sense the original N = 2 supersymmetry. To prove this we consider
the zero mode equation in the deformed model
(
g∂x + gφφ
′ − 2H
(
W¯ ′
g
φ¯′ − W
′
g
φ′
))
ψ+
+
(
W¯ ′′ − W¯ ′gφ
g
+ 2H
(
φ′2 − W¯
′2
g2
))
ψ¯−
−2H
(
φ′φ¯′ − W
′W¯ ′
g2
)
ψ− = 0. (5.6)
Obviously, all terms proportional to H vanish in the Bogomolny sector, that is, when φ′ = W¯
′
g
leading to the equation (4.15). Note also that, eq. (5.6) is equivalent to (4.15) only for α = 0, i.e.
not for the continuous family of BPS equations. This is because the deformation term breaks the
symmetry φ→ eiαφ which is present in the original model.
6. THE O(3) σ-MODEL IN 2 + 1 DIMENSIONS
In this section we consider the O(3) σ-model in 2+1 dimensions. This obviously has a nontrivial
impact on the solitonic structure of the model. First of all, static solutions can be treated as maps
~φ : R2 ∪ {∞} ∼= S2 → S2, where a single asymptotic value of the bosonic field is assumed. This
allows for a one point compactification of the base space. Now, maps between two-spheres are
classified by a pertinent topological index
π2(S
2) = Z. (6.1)
Secondly, due to the Derrick’s theorem there is no stable, finite energy static solutions if a potential
term is present. Note, that one can keep the potential part if another (higher-derivative term)
11
is simultaneously introduced. This will be analyzed in the next sections. Once we neglect the
potential, the resulting pure O(3) model is a BPS theory. This means that the static energy
functional is bounded from below by the topological charge
E ≥ 4
∫
d2x
||∂z¯φ|2 − |∂zφ|2|
(1 + φφ¯)2
(6.2)
while the bound is saturated for solutions of the Bogomolny equations, which in this case are just
the Cauchy-Riemann equations
∂xφ = ±i∂yφ, ∂xφ¯ = ∓i∂yφ¯. (6.3)
Hence, the BPS sector (solutions of the Bogomolny equations) is constituted by holomor-
phic/antiholomorphic functions
φ = φ(z), z = x+ iy or φ = φ(z¯), z¯ = x− iy. (6.4)
The fermionic zero-modes in the BPS sector can be obtained using the supersymmetric trans-
formation for the fermionic degrees of freedom. From (4.11) we have

δψ+
δψ−

 =

−i∂z¯φ −i∂zφ
−∂z¯φ ∂zφ



η
ξ

 (6.5)
where
η =
1
2
(
ǫ1 − iǫ2) , ξ = 1
2
(
ǫ1 + iǫ2
)
. (6.6)
The Dirac equation from (3.5) can be written as follows
g (∂zχ+ ∂z¯χ
c) + ∂φg (∂zφχ+ ∂z¯φχ
c) = 0 (6.7)
where χ = ψ+ + iψ− and χ
c = ψ+ − iψ−. Like in the one-dimensional case, in the background of
a BPS solution the fermions depends only on one real parameter. Let us take ∂zφ = 0, we have
from (6.5)
χ = −2i∂z¯φη, χc = 0. (6.8)
These solutions automatically satisfy (6.7) since ∂z¯∂zφ = 0. Due to the supersymmetry of the
model we can express the fermionic zero-modes through holomorphic/antiholomorphic derivatives
of the BPS solutions.
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Now, let us see what happens if we add the deformation terms. Of course, as in the one-
dimensional case the BPS sector does not change. On the other hand, the linearized fermionic
equation gets extra terms
g (∂zχ+ ∂z¯χ
c) + ∂φg (∂zφχ+ ∂z¯φχ
c)− H
2
(|∂z¯φ|2 + |∂zφ|2)(χ− χc)
−H∂zφ∂z¯φ(χ¯− χ¯c) + H
2
(|∂z¯φ|2 − |∂zφ|2)(χ+ χc) = 0. (6.9)
However, in the background of BPS solutions, for example ∂zφ = 0⇒ χc = 0, solutions of (6.9)
are of the form
χ = −2i∂z¯φη. (6.10)
Therefore we observe the same effect. In the background of the BPS solutions the fermionic zero-
modes are independent of the deformation terms. Besides, all fermion-number violating terms in
the action are absent once we substitute the BPS equation (6.3), implying an “on-shell” restoration
of the N = 2 SUSY.
6.1. The quartic fermionic terms
The analysis of the previous section was based on the linearized fermionic sector, where we did
not take into account the higher fermionic contributions. In the original σ-model only a quartic
term appears accompanying the Riemann tensor of the target space manifold. Once we add the
deformation term the situation is more complicated. The quartic action in fermions for the pure
deformed σ-model can be written as
L4 = H
(
i∂αβψ¯
βψ¯αψ2 + i∂αβψ
βψαψ¯2
)
+
(
R− 2H2 ∂µφ¯∂
µφ
g
)
ψ¯2ψ2. (6.11)
In the pure undeformed σ-model the term proportional to R cannot be eliminated unless the
target manifold is trivial. In our case, extra fermionic terms involving derivatives appear and
cannot be eliminated unless H = 0 (the first two terms in (6.11)). On the contrary, for a special
choice of the function H, the term proportional to ψ¯2ψ2 can be eliminated in the background of
the BPS solutions. Let us take, for example the holomorphic solution ∂z¯φ = 0. The last term in
(6.11) ca be rewritten as
(
R−H2 |∂zφ|
2
g
)
ψ¯2ψ2. (6.12)
13
Let F(z) be a holomorphic function such that F (z) = ∂zφ(z), where φ(z) is a particular BPS
solution φ = f(z). Now F (z) defined as the holomorphic derivative of a particular solution φ(z)
can be written as a function of φ itself for this particular solution
F (z) = ∂zφ(z)⇒ F (φ) = f ′(f−1(φ)) (6.13)
where the prime indicates differentiation with respect to its argument. The choice
H2 =
Rg
F (φ)F (φ¯)
(6.14)
eliminates (6.12) and leads to the following quartic contribution
L4|BPS = Rg
F (φ)F (φ¯)
(
i∂αβψ¯
βψ¯αψ2 + i∂αβψ
βψαψ¯2
)
. (6.15)
We want to emphasize the fact that the quartic term (6.12) is only eliminated in the background
of the BPS solution for which H was constructed.
7. HIGHER-DERIVATIVE TERMS IN THE N = 2 BOSONIC TWINS
We can work directly in the N = 2 language to suggest why N = 2 bosonic twins cannot exist.
Let us start with the N = 2 version of the O(3) σ-model (or more precisely the CP 1 σ-model). We
have
LN=2
CP 1 =
∫
d2θd2θ¯ log
(
1 + Φ†Φ
)
(7.1)
We need first to saturated the Grassmann integration to generate a term without bosonic sector.
The key term is given now by the fourth derivative term
L4 =
∫
d2θd2θ¯DαΦD¯β˙Φ†DαΦD¯β˙Φ
†. (7.2)
By multiplying this term with fermionic objects we could in principle construct pure fermionic
actions, and as we did before, we could construct inequivalent SUSY extensions of a given bosonic
model. In this case there are two terms verifying the properties described above
T6 = ℜeDαΦD¯β˙Φ†DαΦD¯β˙Φ†DβΦDβΦ (7.3)
T8 =
(
DαΦD¯β˙Φ†DαΦD¯β˙Φ
†
)2
. (7.4)
But now the Lagrangian (7.2) possesses nontrivial bosonic sector, namely
L4 ∝
(
(∂µφ)
2(∂ν φ¯)
2 − 2F¯ F∂µφ∂µφ¯+ (FF¯ )2
)
(7.5)
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and T6 and T8 verify
T6|θ,θ¯=0 = T8|θ,θ¯=0 = 0. (7.6)
This leads to T6 = T8 = 0 and therefore, N = 2 SUSY does not allow for the extra extensions if
the dimension of the target space manifold (MT ) is two (or in other words, in the target manifold
can be constructed in terms of only one chiral superfield). Since, in order to have N = 2 SUSY,
MT must be Ka¨hler and therefore dimMT 6= 3. This implies that MT must be Ka¨hler and
dimMT ≥ 4. The first consequence is that terms of the form (3.1) cannot be extended to N = 2
(as we verified explicitly in the previous section). Let us assume that we have a N = 1 model
built in terms of two complex superfields (i.e. dimMT = 4). We can construct N = 2 pure
fermionic terms is this case. It is possible to generate four different terms with six derivatives and
six superfields, namely
(
DΦ1
)2 (
D¯Φ1†
)2 (
DΦ2
)2
+ h.c (7.7)
(
DΦ1
)2 (
D¯Φ2†
)2 (
DΦ2
)2
+ h.c (7.8)
(
DΦ1DΦ2
)2 (
D¯Φ1†
)2
+ h.c (7.9)
(
DΦ1DΦ2
)2 (
D¯Φ2†
)2
+ h.c (7.10)
and three different terms involving eight derivatives and eight superfields
(
DΦ1
)2 (
D¯Φ1†
)2 (
DΦ2
)2 (
D¯Φ2†
)2
(7.11)
|DΦ1DΦ2|4 (7.12)
(
DΦ1DΦ2
)2 (
D¯Φ1†
)2 (
D¯Φ2†
)2
+ h.c (7.13)
where (DΦ)2 = DαΦDαΦ, etc. After expanding these terms in components we get
i
2
ψiσµψ¯j
(
∂µφ¯
i
φj − ∂µφiφ¯j
)
ψ¯iψj ⊂ L6 (7.14)
i
2
ψiσµψ¯j
(
∂µφ¯
i
φj − ∂µφiφ¯j
)
ψ¯iψjψ¯iψj ⊂ L8. (7.15)
Thus, bosonic twin cannot exist with N = 2 SUSY unless we allow for higher-derivative terms
in the fermionic sector.
8. SUMMARY
In this work we have constructed new supersymmetric versions of the nonlinear σ-model with
two-dimensional target-space manifold. This construction is based on the addition of a pure
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fermionic term (supersymmetric invariant and with vanishing bosonic sector) which is indepen-
dent of the model apart from its field content. After the expansion in components we have shown
that the deformation term is well-behaved in the sense that it does not contain higher-derivative
terms. If the absence of higher-derivative contributions is imposed it turns out that such a term
is unique (for dimMT = 2) up to an overall function depending on the superfields but not on
derivatives. Besides, it does not contain derivatives acting on the auxiliary field (although the
appearance of the derivative of the auxiliary field not always implies that F becomes dynamical -
it leads usually to the generation of higher-derivative terms for the physical fields [16]).
The inclusion of the deformation term to the SUSY nonlinear σ-model has the two main effects:
1. Since it does not modify the bosonic sector the new action constitutes a new supersymmetric
extension of the original σ-model with properly deformed fermionic sector.
2. The deformation term is strictly N = 1, i.e. there is no hidden extended supersymmetry.
This implies that our supersymmetric versions of the σ-model are strictly N = 1 (note that
the usual formulations of the σ-model are implicitly or explicitly N = 2).
These properties lead to interesting consequences. First of all, it follows trivially from the
preservation of the bosonic part that the BPS sector is also not modified. On the other hand,
the fermionic sector receives nontrivial contributions even at the quadratic order. This might
suggest that the relationship between BPS solutions and fermionic zero-modes is broken by the
deformation term. However, as we proved in the paper, everything combines is such a way that the
fermionic zero-mode equation remains unaltered (w.r.t. the original σ-model) in the background
of the BPS solutions. At the same time, all fermion-number violating terms generated by the
deformation disappear leading to an “on-shell restoration” of the original N = 2 SUSY. Needless
to say that, for general bosonic solutions (non BPS) the solutions of the Dirac equation in the
deformed model have no relation with the original solutions (and the fermion-number violating
terms are not eliminated).
Secondly, the standard SUSY σ-model contains a quartic fermionic coupling proportional to
the Riemann tensor on MT . This term cannot be eliminated in a supersymmetric invariant way
unless MT is flat. If we add the deformation part then new quartic fermionic terms show up.
They contain a nontrivial contribution from the bosonic field as well. This can lead to an effective
elimination of this quartic term, in the background of a BPS solution, if an appropriate choice of
the arbitrary function H is made. Nonetheless, the quartic fermionic part does not trivialize since
a derivative fermionic term remains. For σ-models admitting a potential (for example in 1 + 1
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dimensions) the elimination of the Riemann tensor term can be achieved by a suitable choice of
the prepotential.
Thirdly, the deformation term can be added to any supersymmetric version of a model based on
the same bosonic d.o.f. as O(3) σ-model i.e., a three component unit iso-vector ~φ. This concerns for
example the baby Skyrme model [19] and the BPS baby Skyrme model [20] (a lower-dimensional
counterpart of the BPS Skyrme model [21]). Therefore our construction provides a new set of well
behaved N = 1 SUSY versions of these topologically nontrivial models [9]-[14]. It would be very
desirable to analyzed the fermionic sector of these new extensions in detail with a particular focus
on the fermionic zero-modes, however, this issue is beyond thee scope of the paper.
Finally, we have analyzed the bosonic twins with extended supersymmetry. It turns out that
if one imposes the higher-derivative restriction such models cannot exist. Moreover, using the
connection between N = 1 SUSY in four dimensions and extended SUSY in three dimension (via
dimensional reduction), one can lift this non-existence to the four-dimensional case.
There are several straightforward directions in which presented analysis can be further investi-
gated.
As we have already noticed our deformation applies for any field theory with the unit, three
component iso-vector field. It would be interesting to present a complete and systematic classi-
fication of all supersymmetric extensions of the pertinent bosonic models (O(3) model, the baby
Skyrme and the baby BPS Skyrme models) also with the case when high-derivative terms are taken
into account [11].
Another possibility is to repeat our construction for models with higher-dimensional target-space
and (or) in higher dimensions. This would include supersymmetric O(n) σ-model and especially
the Skyrme model, where some developments have been recently made [15], [22], [23] .
The last very interesting issue is related to a widely known fact that the nonlinear O(3) σ-model
in two dimensions (and also higher-dimensional target-space generalizations) is an integrable field
theory with a zero-curvature formulation. It would be desirable to understand the fate of the
integrability in twin supersymmetric extensions. Obviously, the theories remain integrable in their
bosonic part but probably not necessarily when the fermions are included.
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